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Abstract

The generalised Kudryashov equation, a nonlinear evolution equation that accurately simulates
the propagation of ultra-short pulses in dispersive and nonlinear media, is analytically
investigated in this study. A recently created generalised mapping approach is used to solve
this equation. The suggested approach is more adaptable and independent of constrictive
assumptions than traditional methods, which enables the derivation of a larger class of exact
answers. A wide variety of soliton forms, such as W-shaped, dark, sharp, kink, peakon, bell,
smooth, and anti-bell solitons, are produced using this technique. Every solution provides
insightful interpretations in a range of physical circumstances and exhibits unique nonlinear
behaviours impacted by the model's parameters. These solitons are important because they
represent localised energy packets, intensity dips, or transitional wavefronts in domains like
fluid mechanics, wave propagation, nonlinear optics, and plasma physics. The effectiveness
and dependability of the novel mapping method are confirmed by the results' graphical
representation, which demonstrates the generalised Kudryashov model's ability to

accommodate a broad range of waveforms. Such soliton profiles' appearance highlights the
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model's capacity to accurately predict intricate nonlinear processes. The study offers a clearer
understanding of the rich structure of nonlinear wave events governed by higher-order
dispersion and nonlinearity, in addition to improving the analytical solution space of the
generalised Kudryashov equation. Combining the advanced model with the proposed mapping
technique creates a robust analytical framework for studying nonlinear systems in

mathematical physics and applied sciences.

Keywords: Generalized Kudryashov's Model; The New Mapping Method; Soliton

Sloution; Wave profile

1 Introduction

The ability of nonlinear partial differential equations (NLPDES) to describe a wide
variety of occurrences in the natural sciences and other fields is vital. Numerous scientific and
technological fields, such as fluid dynamics and the mathematical science of physics as [1],
plasma physics as [2], and ecology as [3], depend heavily on NLPDEs. Several researchers
have successfully built analytical travelling wave structures for non-linear partial differential
equations. These findings offer significant new insights into the underlying mechanisms and
have significant ramifications for our comprehension of the behaviour of complex systems.
The dependable techniques that are applied to NLPDEs in order to find analytical solutions
include the first integral approach [4], the inverse scattering transform scheme [5], the
Weierstrass elliptic function approach [6], modified decomposition technique [7], Riccati
equation scheme [8], the sine cosine approach [9], extended simplest equation approach [10],
the Weierstrass elliptic function approach [11], and extended direct algebraic approach [12,
13]. Precise solutions and the study of the dynamical behaviours of optical solitons in nonlocal
nonlinear media of NLPDEs are essential to understanding a range of nonlinear physical

phenomena.

There are numerous techniques for obtaining precise solutions to NLPDEs, including
Hirota technique [14], strategy for polynomial discriminant systems [15], modified
Kudryashov's approach [16], generalized trial function technique [17], exp-expansion scheme
[18, 19], sine-Gordan approach [20, 21], jacobi ansatz analysis [22], generalized variational
scheme [23], exact similarity analysis [24] and Lie symmetry analysis [25, 26]. In order to
investigate the interaction activities of the wave-forms, localised coordinative structures can

be constructed using NLPDE solutions. Both inelastic as well as elastic impacts can occur
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between localised resonances in higher dimensions, allowing two different excitations to

exchange physical magnitudes like momentum and energy.

Solitons, occasionally referred to as solitary waves, can split into two solitons or merge
to form a single soliton. Stable high-dimensional solitons are uncommon in nature. This is
because it generally becomes challenging to achieve a balance between refraction, dispersion
and nonlinearity. But in certain circumstances, highly dimensional solitons can be observed
during system distribution and the nonlinear dynamics of wave packets can be well described
by specific compatible nonlinear partial differential equations. For a few decades now,
investigators have been studying optical solitons and other waves using each deterministic and
stochastic models. Numerous findings have already been published, and the number is
continuously increasing. In 2021, Kudryashov put proposed one of the most recent models to
handle the dynamics of the propagation of soliton across optical fibres [27]. In this case,
Generalized Kudryashov's Equation (GKE) new type is used to handle the governing model
for investigating the soliton dynamics, which is the nonlinear Schrdinger's equation (NLSE)
[27].

One of these models uses arbitrary power linearity to follow GKE [16].
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where Z(r,s) is a function having complex value, While a and a; where 1 <i <8 are

coefficients of dispersion and self phase modulation (SPM). m denotes the nonlinearity

exponent parameters, where ;% =+/—1. The wave profile is represented as
Zi; Y2 (ri; Y2, si; ¥2), where s and r stand for the period and distance variables, respectively. a
is linked with Dispersion of descent while a; where 1 < i < 8 are attach with self phase
modulation. In [28], Eq. (1.1) was put forth and resolved. In [28], a dark, bright and smooth
soliton solutions are produced when a,= a,= as=a,= 0. In [29], Jacobi's elliptic expansion
tecnique is used to solve equation Eq. (1.1) where m=1, a,= a3= a,= as= a,=0. Eq. (1.1) is
examined in [30] when a; = a, = a; = ag=0 utilising the Painleve methodology and the
exponential rational function approach. We find several novel soliton solutions for equation
Eq. (1.1) in this work. Certain soliton solutions will be brilliant, dark, and kink when a; =
a,=0, whereas other soliton solutions will be bright and dark when a,=ag= 0. Here, we explore
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the generalised Kudryashov model, a complex nonlinear evolution equation that adds higher-
order dispersive and nonlinear effects to the classical Kudryashov framework. This
generalisation improves the model's ability to more accurately predict the propagation of ultra-

short optical pulses in nonlinear and dispersive environments.

The concept is especially applicable to photonic systems, fibre optics, and nonlinear
transmission lines, where waveforms change as a result of intricate interactions between
dispersion, nonlinearity, and any outside disturbances. We provide a recently suggested
generalised mapping method that systematically converts the partial differential equation
(PDE) to an ordinary differential equation (ODE) using an advanced variable transformation
and an appropriate ansatz in order to extract analytical solutions from this complex model. The
proposed mapping method does not rely on limiting solution forms or standard balancing
principles like traditional methods do. Rather, it makes use of an adaptable algebraic
transformation structure that expands the range of possible solutions. Depending on the
parametric regimes and nonlinear coefficients involved, this novel method enables us to create
a rich family of exact solutions, including kink-type waves, bright solitons, dark solitons, and
other localised waveforms. The approach demonstrates flexibility and efficiency while
providing a deeper understanding of how nonlinear parameters influence wave behaviour. Its
potential as a general-purpose tool for solving a broad class of nonlinear PDEs in mathematical
physics is demonstrated by the analytical findings obtained, which validate the mapping
strategy's consistency and resilience. All things considered, this new mapping method in
conjunction with the generalised Kudryashov model greatly improves our comprehension of
nonlinear wave mechanics and expands the analytical toolkit for examining soliton dynamics

in complicated media.

The distribution of the remaining paper is listed below: Section 2 provides the overview
of suggested method. Section 3 containing the application of suggested approach , section 4
containing the physically interpretation and application of above results, section 5 containing
the stability analysis, section 6 containing the physical interpretation while comparison is in

section 7 and Section 8 contain the conclusion and future research .

2 Description of the Methodology
The description of the analytical methodology is included in this section. let assume
the NLPDE
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N(Z,Zp, Zg, Zyrs Zss) Zgevnnnnnnns ) =0, (2.1)

where in above Eq. (2.1) Z(r, s) is a function that is unknow. To solve the Eq. (1.1) we use

the wave transformation is in the following form

Z(r,s) =W(qe*, q=pr—ns, ¢=—Er+@s+p. (2.2)

where W(q) is a function takin real value, while n, € and ¢ are constants. The soliton wave's
frequency is represented by ¢, its rate of acceleration by 7, its intensity component by W(q)

and its modulation number by ¢.
Eq. (2.1) reduce to an ODE
o, YY", Y'". ... ) = 0. (2.3)

Our methodology strategy is discussed in following steps,

Step 1. Ensuring use of limitations,

1
W(q) =Yzm(q), Y(q)>0, (2.4)
Y(q) is the hold the solution is of the form,
Y(q) = 1o + T1B(q) + 12B(q)?, 1, #0, (2.5)
provided that B(q) is governed by the associated ancillary equation is of the form,
(B'(9))? = by + b,B()? + 5 b3B(@)* + 3 bB(q)°. (26)

Where b,,b,,bs,b, and T, 7, T, are constants.

Step 2. We use the balancing strategy to compare the non linear terms .

Step 3. Substituting Eqg. (2.5) and Eq. (2.6) in Eq. (2.3) and by setting parameters of
B™(q) equal to zero , we acquire a set of algebraic equations. The Mathematica software can

be used to solve the algebraic set of equation that we drive.
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Step 4. By combining the solutions of Eq. (2.3) with Eq. (2.2) , several analytical

solutions of Eq. (2.1) can be found.
Solution to Eq. (2.6) mention as:

16 b3

Case 1.With the help of b; = ——

the form ;

2
and b, = = bb3 —= the exact solution of Eq. (2.6) is of
2

—b, tanh2| §
Bl(Q) =4 \/7 ) ) bZ < OI b3 > 0: (27)
3b3 3+tanh2 5\/7 >>
—by coth2 é
3b3 3+Coth2 6\/7 >>
b, tan2{ §
Bs(q) = 4 J_ ) , by >0, b3 <0, (2.9)
3b3 3—tan? 6\/_ ))
b, cot2| &
By(q) = ( , by >0, by <O. (2.10)
3b3 3—cot? 6\[7 ))
Case 2. With the help of b, = 0,and b, =
—-2b
Bs(q) = J b; (1 + tanh(8/b, q)), b, >0, (2.11)

and
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Bs(q) = \/‘Z’Z (1+ coth(sb, q)), b, >0, (2.12)

Case 3. With the help of b; = 0, the exact solution of Eq. (2.6) is of the form ;

B,(q) = j‘ e by >0, (2.13)

3b2 —4b2b4(1+6 tanh(\/b; q))2 '

or

Bs(q) = j 6 by bs csch?(J/bz ) b, > 0. (2.14)

3b§—4b2b4(1+6 coth(/bz q))ZI

and

_ | 6 b, sech?(\/b; q)
By(q) —\/ 353740 (3555, tanh(yBg )’ b, >0, b, >0, (2.15)

or

_ 6b,csch?(\/b, q)
BlO(Q) — \/3b3+45\/T2b4C0th(\/b—2q) bz > O; b4. > O, (216)

where 6 = +1.

3 Application of New mapping Method

After substituting Eq. (2.2) in Eq. (1.1) and by setting equal to zero we obtain a real and

imaginary parts as follows:

aB*W'(q) + (—a&?* — @W(q) + eyW (@) " + a,W (@) ™ + axsW (@) *" + a, W (g)' ™™
+a5W(q)1+m + a6W(q)1+2m + “7W(Q)1+3m + “SW(CI)1+4m =0,

(3.1)

and
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n=—-2ap¢ (3.2)

Ensuring the uses of limitation as given in Eq. (2.4) in to Eq. (3.1) then we obtain,

ap?(1 —2m) (dy(q)) +2map?Y(q) d Y(Q) + 4m?a, + 4m? aZY(q)z +4m2a3; Y(q)
+4m?(—aé? — ) Y(q)? + 4m? a4Y(q)2 + 4m2a5Y(q)5 + 4m2a7Y(q)5 + 4m2a, Y(q)3 + 4mPag Y(q)* =
(3.3)
We use specific criteria to secure the analytical solution,
a, =0, a,=0, a5 =0, a; =0. (3.4)

Then equation Eq. (3.3) reduced to
aB?(1 —2m) (dY(Q)) +2map?Y(q) —~* d Y(q) + 4m?a; + 4m?a3 Y(q)

+4m?(—aé? — @) Y(q)? + 4m?as Y (q)3 + 4m?ag Y (q)* = 0. (3.5)

Balancing Y (q)Y"'(q) and (Y (¢))* in Eq. (3.5) we obtain the balance number N=1. Thus the
Eq. (2.5) is analytical solution for Eq. (3.5) as

(B'(9))? = by + b,B()? + 5 b3B(@)* + 3B (q)°. (3.6)

Substitute Eq. (3.6) along with Eg. (2.6) in Eq. (3.5) we obtain a system of algebraic equations
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(B8(q) = %aﬁ2b4T% + gamﬁzbﬂ% + 4m?agts =0,

B7(q) = %aﬁ2b4T1T2 + 13—4am,82b4‘rlrz + 16m2agt 75 = 0,

B%(q) = gaﬁzbﬂf + %amﬁzbﬂf + %amﬁzbﬂorz + 2af?b;t3 + 2amB?b;13

+24m?agtits + 4mlagts + 16m2agryts = 0,

B>(q) = 2amfB?b,to1, + 2aB%b3T,T, + 4amPBrbyT T, + 16mPagtit, + 12m2agt 73 + 48mlagryT,73 =
B*(q) = %aﬁzbgrf + ampB?b;12 + 4mPagti + 6ampPBrbsyTyT, + 12mla T, + 48mlagt,TiT,

{ —4am?§%13 — Am? P15 + 4af?h,v5 + 12mPagTots + 24mPagtiTs = 0,

B3(q) = 2ampB?b;1y1, + 4m?aet; + 16m2agryt; — 8am?&%t 1, — 8m2¢1,1, + 4af?b,T 1,
+2amf?b,t,1, + 24m2agTy T T, + 48m2agtiT T, = 0,

B%(q) = —4am?&%t? — 4m?pt? + af?b,12 + 12magtot? + 24mlagtét? + 4mPast, — 8am?&lt,yt,
—8m?p1y1, + 8ampB?b,1yT, + 12mlagtét, + 16m2agrit, + 4af?b,t3 — 4ampB?b 12 = 0,

B(q) = 4mPas1, — 8am?&%tyt, — 8mM2p1yT, + 2amPBrb,yTyT, + 12mPatiT, + 16m2agrit, + 4af?bit
—4amf?b 1,7, =0,

B°(q) = 4m?a, + 4m?azty — 4am?&21¢ — Am2 P13 + 4mPagty + AmPagtrg = 0.

\
(3.7)

Solve this system we obtain,

Case 1. With the help of b, = 16b5 and b, = %, then Eq. (3.7) gives,
2

27 b3’ 1

(TO:T(), Tl :O, T2:2T0, b3:b3,
3b2B2

by=—"—, a3 #0, ag #0

4 27 32m2agtT,’ > 76 !

_ 2ag (1)} (3:8)
Lgo - o )
Substitute Eq. (3.8) together with (2.7) to (2.10) in Eq. (2.5) we obtain,
Zi(r,s) = |to| 1- 8b  gi(=ET+as+p), (3.9)

9b2sinh? (26 —%(ﬁr—ns))
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2m

Zy(r,s) =|to| 1 - 8bs - el (F8rTestp) (3.10)
9b§cosh2<25 —b?z (ﬁr—ns))

32b, . (1 cos? J_(ﬁr ns) ) \
2
obs <4cosz< J_(ﬁr ns) /J

i(—fr+<ps+p)’ (3.11)

Z3(T, S) = [TO 1 +

2m

32b, . <1 sin? 6J_(Br ns) )
2
obs (Zsmz(&\/_ (Br— 175) +1

|
Zy(r,s) = llro 1+

\]| i(=Er+ps+p) (312
/J e . (3.12)

Case 2. With the help of b, = 0and b, = 3b5 then Eq. (3.7) gives,

fT0=T0, T1=O, T2=2T0, b3=b3,

b2 2
Jb2= 33ﬁ 2,(13:}&0, a6¢0,

128 m? ag 1§

Lgo =16 ag 13,

(3.13)

Substitute Eq. (3.13) together with (2.11) and (2.12) in Eq. (2.5) we obtain,

2309 = [r (1 - g (1 (o =) )
pi(=Er+gs+p) (3.14)

2609 = [ (1 - g (1 om0y or =) )|
pi(—ET+ps+p). (3.15)
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Case 3. With the help of b; = 0 then Eq. (3.7) gives,

Tog = Tg, T1 = 0, Ty, = 2T0, b3 = b3,

B 3b§_ﬁ2 . 8m? ag T(ZJ
2= Demiaged’ 24T gz 0 %3 #0, a #0, (3.16)
k(p =16 ag T(%;
Substitute Eq. (3.16) together with (2.13) to (2.16) in Eq. (2.5) we obtain,
1
2m
12byb
Z7(r’ S) = |79 1-— — sinh(\/b2q) 2
cosh?(Ba) 303 -4b:y (14650 Z20) |
ei(=¢r+ps+p) (3.17)
1
2m
12b,b
Zg(r, S) = TO 1 + = cosh(\/b_ ) 2
sinh2(\/D—2Q)<3b§_4b2b4(1+6sinh(\/b_§:;)) )
ei(=¢r+ps+p) (3.18)
1
2m
12b, (=
Zo(r,s) = |1 1= pem - el (=8THes+P) (3.19)
COShZ(\/b_zq)(3b3+451/3b2b4.cos};((\/\/z__zz)))
1
2m
12b,
Zyo(r,s) = |To| 1+ J —
sinhz(\/b_zq)<3b3+45 3b2b4'sin:((\/\/z__;;1)))

el(=ér+os+p), (3.20)
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4 Graphical Findings and discussion

In this study, we used the new Mapping technique to analytically solve the NLSE using
generalized Kudryashov's equation. These solutions are obtained through the application of
this persuasive method. The proposed method successfully yields the analytical solutions for
the nonlinear GKEA in paired vector shape in birefringent fibre without four-wave mixing.
Several analytic solutions for GKE are generated using suggested approach. The findings
provide insight into a number of novel wave patterns that aid in illuminating the GKE. The
results demonstrate the utility of the proposed approach as it may provide a range of innovative

analytical solutions for particular nonlinear real-world models.

This section explains the results' visual representations using both 2D and 3D graphs.
When the GKE is implemented, solitary waves of various shapes, including W, dark, sharp,
kink, peakon, bell, smooth, and anti-bell types, can be produced using the previously described
technique. A wide range of soliton structures, each representing unique nonlinear wave
behaviours, are depicted in the graphical results: W-shaped, dark, sharp, kink, peakon, bell,
smooth, and anti-bell. Realistic scientific events including shock waves, fluid dynamics, and
optical pulses are depicted in these profiles. Their appearance demonstrates how well the
generalised Kudryashov model captures intricate soliton dynamics and how reliable the novel
mapping technique is.

Considering parametric variables to take into consideration for the hyperbolic solution
in Z;(r,s), we derive the dark wave soliton solution for the 3D and 2D plots with 7, = —10,
m = 0.05, ag = 1.5, ag = 0.01, a = —1.005, 8 = 0.4, § =1, by = 0.6, =1.03 and p =
5.36 . as shown in Figure 1. Considering parametric variables to take into consideration for
hyperbolic solution in Z,(r, s), we derive the A W shape wave soliton solution for the 3D and
2D plots withty =5, m =5.02, ag =5, ag=0.2, a=-01, =04, 6§ =—1, by =
—0.6,¢6 = 2and p = —0.1. as shown in Figure 2. Considering parametric variables to take into
consideration for the trigonometric solution in Z5(r, s), we derive the A peakon wave soliton
solution for the 3D and 2D plots with 7, = =10, m = —1.2, ag = —0.02, a = —0.2, § = 4,
6=1,b; =16, =—-2.6and p = 5. asshown in Figure 3. Considering parametric variables
to take into consideration for the trigonometric solution in Z,(r, s), we derive the solitary wave
soliton solution for the 3D and 2D plots with 7, = 10, m = 0.02, ag = —0.2, a = 0.02, § =
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—04,6 =—-1,b3 =16, = —1and p = =5 . as shown in Figure 4. Considering parametric
variables to take into consideration for the hyperbolic solution in Zz(r, s), we derive the kink
soliton solution for the 3D and 2D plots with 7, = 2.05, m = 1.2, ag =1, a = 0.2, § = 4,
§=-1, b3 =16 =-2.6 and p=5 . as shown in Figure 5. Considering parametric
variables to take into consideration for the hyperbolic solution in Z4 (7, s), we derive the peakon
type wave soliton solution for the 3D and 2D plots with 7, =5, m = 2.2, ag = 2, a = 0.1,
=3, =-1b; =1.6¢ =—2.6and p = —5 as shown in Figure 6. Considering parametric
variables to take into consideration for the hyperbolic solution in Z, (r, s), we derive the A anti
bell wave soliton solution for the 3D and 2D plots with 7, = =10, m = 12, ag = 1.3, a =
—-0.6, 3 =10,8 = —1, b3 = 0.33,§ = —2 and p = —1 . as shown in Figure 7. Considering
parametric variables to take into consideration for the hyperbolic solution in Zg(r, s), we derive
the A dark wave solitons solution for the 3D and 2D plots with t, = —10, m = —0.05, ag =
1.5, ag =-0.1,a=1.5,=-04,6 = -1, b3 =0.6,{ = 1.03 and p = 5.36 as shown in
Figure 8. Considering parametric variables to take into consideration for the hyperbolic
function solution in Z,(r, s), we derive the A bright wave soliton solution for the 3D and 2D
plots with 7, = 10, m = 0.05, ag = 1.5, ag = —-0.1, a =15, § =-04, § = -1, by =
0.6, = 1.03 and p = 5.36 as shown in Figure 9. Considering parametric variables to take into
consideration for the hyperbolic function solution in Z,(r, s), we derive the anti peakon wave
soliton solution for the 3D and 2D plots with 7, = =10, m = —2.05, ag = 1.5, ag = —0.1,
a=1.05p=-04,6 =1, b3 =0.6, =—1.54 and p = 5.36 as shown in Figure 10.

(@) 3D Plot (b) 2D Plot (c) Contour Plot
Figure 1: Solution for Eq. (3.9) gives dark wave solution profile for 7, = —10, m = 0.05,
ag = 1.5, ag = 0.01,a = —1.005, 8 = 0.4,5 = 1, b; = 0.6,{ = 1.03 and p = 5.36

(a): 3D plot, (b): 2D plot, (c): contour plot
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(a) 3D Plot (b) 2D Plot (c) Contour Plot
Figure 2: Solution for Eq. (3.10) gives a W shape wave soliton solution profile for 7, = 5,
m=502a,=5a3=02a=-018=046=—-1,b;=-0.6, =2andp = —0.1

(@): 3D plot, (b): 2D plot, (c): contour plot

(@) 3D Plot (b) 2D Plot (c) Contour Plot

Figure 3: Solution for Eq. (3.11) gives a bell or peakon wave soliton solution profile for ¢, =

—10,m=—-12,a3 = —0.02,a=-02,8=4,6 =1,b; = 1.6,{ = —2.6 and p = 5 .4-15;
a: 3D plot 4-15b:2D plot 4-14c: contour plot

(@) 3D Plot (b) 2D Plot (c) Contour Plot
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Figure 4: Solution for Eq. (3.12) gives a dark wave soliton solution profile for ty, = 10, m =
0.02,ag =-0.2,a=0.02,=-04,§=-1,b3=16=—-1andp = -5

(a): 3D plot, (b): 2D plot, (c): contour plot

(@) 3D Plot (b) 2D Plot (c) Contour Plot
Figure 5: Solution for Eq. (3.14) give kink soliton solution profile for 7, = 2.05, m = 1.2,
ag=1,a=02,8=46=-1,b;=16¢=-26andp =5

(a): 3D plot, (b): 2D plot, (c): contour plot

1

(@) 3D Plot (b) 2D Plot (c) Contour Plot
Figure 6: Solution for Eq. (3.15) gives a Peakon wave soliton solution profile for 7, = 5,
m=22a3=2,a=01=3,8=-1,b;=16¢=-2.6andp = -5

(a): 3D plot, (b): 2D plot, (c): contour plot
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(a) 3D Plot (b) 2D Plot (c) Contour Plot
Figure 7: Solution for Eq. (3.17) gives a anti bell wave soliton solution profile for
To=—100m =12, a3 =1.3,a=-0.6, =10,6 = -1, b3 = 0.33,{ = -2 and

p=-1
(a): 3D plot, (b): 2D plot, (c): contour plot

(a) 3D Plot (b) 2D Plot (c) Contour Plot
Figure 8: Solution for Eq. (3.18) gives a bright wave type soliton solution profile for 7, =
—10,m = —-0.05, ¢4 = 1.5,03 = —-0.1,a =15, =-04,6 = -1, b3 = 0.6, = 1.03

and p = 5.36; (a): 3D plot, (b): 2D plot, (c): contour plot

(a) 3D Plot (b) 2D Plot (c) Contour Plot
Figure 9: Solution for Eq. (3.19) gives priodic wave soliton solution profile for t, = 10,
m = 0.05 as = 1.5 a3 =—-01,a=158=-04,6=—-1,b; =0.6,{ =1.03and p =
5.36 (a): 3D plot, (b): 2D plot, (c): contour plot
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(@) 3D Plot (b) 2D Plot (c) Contour Plot
Figure 10: Solution for Eq. (3.20) gives a anti peakon wave soliton solution profile for t, =
—10,m = —=2.05, 25 = 1.5, ag = —0.1,a = 1.05, 3 = —0.4,5 = 1, b; = 0.6, = —1.54
and p = 5.36; (a): 3D plot, (b): 2D plot, (c): contour plot

5 Stability Analysis
This section will examine the stability analysis [31] for GKE. Suppose that the
perturbation solution has the following form of (1.1).

Z(r,s) = pn(r,s) + Ko (5.1)

It is evident that any constant p, constitutes a steady-state solution for equation (1.1).
Substitute (5.1) in (1.1) we obtain

B + afny + A(Bn + uo) = 0. (5.2)

Where A= — + 2 + - +——
((ﬁn(r,5)+uo)4m Bn(r,s)+ug)3™ — (Bn(r,s)+ue)®™ = (Bn(r,s)+ue)™

as(Bn(r,s) + po)™ + as (BN (1, 5) + p1o)*™ + a7 (BN (1, s) + po)*™ + ag(Bn(r,s) +
M0)4m)-

After linearizing the above expression (5.2) in 5 we obtain,

Bns + afny + wpfn = 0. (5.3)

aq [24] as Ay
(H)*™ ~ (Mo)*™  (Mo)®™  (Ho)™

where @ = (.

ag (.Uo)4m)-

+ as (o)™ + as(1o)®™ + a7 (ug)*™ +
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w is the effective linear coefficient depending on u, .Assume the solution of (5.3) is of

the form,
n(r,s) = e'tr+as), (5.4)
Where k is normalized wave number, Insert (5.4) in expession (5.3) we obtain,
—A—ax’+w@ = 0. (5.5)
Solve the above expression (5.5) for A, we obtain
A =@ — ak?. (5.6)

From expression (5.6) we can it is observed that the solution is stable when @ < ax? , and

unstable when @ > ax?.

6 Physical interpretation

In the context of nonlinear optics, the new mapping analysis of generalized
Kudryashov's equation GKE offers a rigorous mathematical framework for deriving precise
analytical solutions, each of which has profound physical ramifications. The GKE simulates
how an optical wave's phase is impacted by the intensity-dependent refractive index, resulting
in a variety of phenomena such as collapse, soliton creation, and spectrum widening. Kink-
type, periodic, bell, anti-bell, W shape and priodic are among the solutions obtained by
suggested approach, each of which represents a distinct mode of nonlinear wave propagation.
Figure 5 of |Z4(7, s)| Kink-type solutions, which physically correspond to nonlinear fronts or
domain walls separating two stable intensity levels, are abrupt but continuous changes in the

optical field profile.

These are especially important in optical systems that show bistability or switching
behaviour, including fibre Bragg gratings and nonlinear directional couplers. They are perfect
for optical memory or signal control applications because of their resilience, which is
guaranteed by their topological stability.Figures 1,2 , 9 of |Z,(r,s)|, |Z,(1, )|, |Zo(T, )|
represents modulated wave, W shape and periodic respectivel trains that move through a
medium with steady periodicity are modelled by periodic solutions, which are represented by
trigonometric, hyoerbolic or elliptic functions. Such structures are seen in nonlinear lattices
[32], mode-locked lasers, and optical resonators, where quasi-periodic or harmonic wave

patterns are formed by striking a balance between nonlinearity and dispersion.
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In addition to being consistent with experimental findings of Bloch waves and discrete
breathers in optical systems, these solutions are essential for comprehending phenomena such
as modulation instability, a process that breaks apart continuous waves into pulse trains. At the
other extreme, figures 3 peakon solutions of real part Z;(r, s) show blow-up behaviour, which
means that the field amplitude diverges in limited space or time [33]. Despite being idealised,
these singularities represent significant nonlinear effects that are frequently seen in high-
intensity pulse propagation across Kerr media, including self-focusing, optical collapse, and
laser filamentation. Higher-order phenomena like multiphoton absorption or saturable
nonlinearity may regularise these singularities in real-world systems, but their existence in
analytical solutions indicates crucial limits that classical propagation cannot cross. Such
solutions' appearance emphasises how crucial nonlinear balancing and energy localisation are

in optics.

All things considered, the solutions based on suggested approach a thorough
mathematical explanation of the GKE as well as a clear correlation with behaviours seen in
nonlinear optical systems through experimentation. These results align with well-established
physics literature on optical wave propagation and soliton theory, as described in reputable
publications such as Berge's. [34] review on wave collapse, Kivshar.[35] and Agrawal's. [36]
Optical Solitons, and Agrawal's Nonlinear Fibre Optics. Moreover, the accurate solutions
bridge analytical theory with contemporary photonic applications by advancing our
understanding of wave modulation, pulse shaping, and optical turbulence.

7 Comparison

A nonlinear partial differential equation known as the generalized Kudryashov
equation GKE is used to simulate the Kerr effect-induced nonlinear interaction of light in
optical fibres. The equation's use in characterising wave dynamics in nonlinear media has
garnered a lot of interest. The Kudryashov approach, the Tanh-Coth method, the exp-function
method, and the Hirota bilinear method are among the many analytical techniques that have
been implemented to provide exact answers to such nonlinear equations. This problem has been
solved using the new mapping technique in this paper, and a comparison with alternative

approaches shows some significant benefits and distinctions.

The modified simple equation approach’'s advantages are combined with better
algebraic manipulation in the new mapping technique, a new analytical tool. This approach
produces more general types of precise solutions, including brilliant solitons, kink-type,
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periodic, bell, anti bell, peakon structures and exponential A function solutions, when applied
to the GKE problem. The New mapping method permits more expansive functional
expressions, such as sech, tanh and their rational counterparts, in contrast to the Kudryashov
method, which frequently results in particular rational or exponential forms. Because of its
adaptability, a greater range of wave solutions may be investigated, many of which match
physically meaningful situations in nonlinear optics. Another noteworthy advantage that has
been mentioned is the flexibility in handling settings. By providing a natural framework for
adding and maintaining arbitrary constants throughout the solution process, the novel mapping
technique increases the flexibility of the solutions to meet real boundary circumstances. In
contrast, methods like the tanh method and the exp-function approach often yield fixed-form
solutions with little control over the amplitude and velocity parameters. Deriving parameterised
families of solutions is made simpler by the novel mapping technique, which is useful for
investigating the effects of nonlinearity, dispersion, and modulation depth. Furthermore, when
applied to higher-order PDEs, the novel mapping methodology maintains its algebraic
manageability, in contrast to methods like the exp-function or sub-equation method, which may
require tedious algebra and may have issues with convergence or provide trivial solutions. It is
therefore more trustworthy when examining both integrable and non-integrable versions of the

GKE equation.

The findings of this study are consistent with previous studies by Wazwaz [37] and
Kudryashov [38] that emphasised the need for generalised analytical techniques for nonlinear
equations. The qualitative agreement between the solutions obtained in this work and those
computed by Kumar and Malik [26] for other nonlinear models validates the validity and
promise of the approach. In conclusion, the New mapping strategy offers a powerful alternative
to traditional approaches for solving the GKE problem. Along with innovative and
physiologically relevant solutions, it offers parameter freedom and computational simplicity.
It is especially well-suited for in-depth studies of nonlinear wave propagation and optical

soliton dynamics because of these features.

8 Conclusion

In this paper, we conducted an analytical investigation of the generalised Kudryashov
equation, a nonlinear partial differential equation that properly mimics the propagation of ultra-
short optical pulses in nonlinear and dispersive media.The model gives a more realistic
portrayal of wave development in fibre optics and related physical systems by including higher-
order nonlinear and dispersive phenomena. To investigate this intricate model, we developed
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a novel generalised mapping technique. This approach transforms the nonlinear partial
differential equation into a solved ordinary differential equation by a methodical transformation
mechanism. strength of the proposed method lies in its universality and flexibility, since it is
not reliant on the restricting solution forms commonly used in traditional approaches. With the
use of this method, we were able to create a variety of precise soliton solutions, such as kink-
type, brilliant, dark, and solitary wave solitons, each of which, depending on the model's

parameter values, reflects a distinct physical phenomena.

These results show the effectiveness of the new mapping method in obtaining clear
analytical solutions and its ability to handle complex nonlinear situations. The findings of this
study contribute to the development of nonlinear wave theory and significantly enhance the
framework for solving the generalised Kudryashov model. The range of soliton structures
found demonstrates the complex dynamics of the model and the flexibility of the employed
analytical technique. Future studies could extend this model by include stochastic effects like
multiplicative or additive noise to emulate more realistic conditions with uncertainty.
Moreover, further theoretical and practical advancements in the study of nonlinear wave
propagation may arise from extending the mapping approach to other nonlinear equations and

evaluating the stability of the resulting soliton profiles.
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